In loop quantum cosmology there may be a super-inflation phase in the very early universe, in which a single scalar field with a negative power-law potential V = −M 4 (φ/M ) β plays important roles. Since the effective horizon √ SD/H controls the behavior of quantum fluctuation instead of the usual Hubble horizon, we assume the following inflation scenario; the super-inflation starts when the quantum state of the scalar field emerges into the classical regime, and ends when the effective horizon becomes the Hubble horizon, and the effective horizon scale never gets shorter than the Planck length. From consistency with the WMAP 5-year data, we place a constraint on the parameters of the potential (β and M ) and the energy density at the end of the super-inflation, depending on the volume correction parameter n.
I. INTRODUCTION
In the end of the previous century, loop quantum gravity (LQG) [1, 2, 3] inspired loop quantum cosmology (LQC), which is an application of loop quantization to the homogeneous universe models [4, 5, 6, 7, 8, 9, 10] . This is featured with singularity avoidance and super-inflation, where the Hubble parameter increases with time. The semiclassical effects of LQG can be incorporated in the forms of the volume correction [9, 10] and the energy density correction coming from the holonomy effects [11, 12, 13, 14, 15, 16] into the Hamiltonian.
The observation of anisotropy in the cosmic microwave background (CMB) will be the most powerful tool available at present and in the near future to probe the inflationary phase of the universe. It is an interesting possibility that the loop quantum effects in the very early phase of the universe might be imprinted in the CMB anisotropy. In this context, Tsujikawa et al. [17] showed that the dynamics during super-inflation due to the volume correction can drive an inflaton field up its potential hill, thus setting the initial conditions for the standard slow-roll inflation and suggested that this transition from the super-inflation to the standard inflation might be responsible for the observed loss of power at the largest angles in the CMB power spectrum but without any explicit calculation of quantum fluctuation in the super-inflationary phase. On the other hand, Zhang and Ling [18] considered the slow-roll superinflation phase due to the energy density correction and calculated quantum fluctuation of the inflaton but without the volume correction effect. They found that signature of loop quantum effects is too weak to detect in the CMB power spectrum with reasonable sensitivity.
If there is a non slow-roll super-inflationary phase due to the loop quantum effects, we can infer that quantum fluctuation generated in that phase might leave imprints in the primordial density perturbation because the statistical properties, say non Gaussianity, of quantum fluctuation generated in the super-inflation would be sufficiently different from that generated in the standard slow-roll inflation. However, for such a scenario to be viable, the predicted power spectrum of the density perturbation must be sufficiently scale-invariant as observed now in the CMB power spectrum and large scale structure. Mulryne and Nunes [19] investigated this issue with a scalar field with a power-law potential V ∝ φ β , for which the volume correction is incorporated into the Hamiltonian. They showed that for a non slow-roll solution with constant ratio between the kinetic and potential energies of the scalar field, which is called a scaling solution, if we take the limit β → ∞, the density perturbation generated in the super-inflationary phase is scale-invariant. Copeland et al. [20] showed that the scaling solution corresponds to a stable fixed point in terms of dynamical systems theory and that the potential must be negative.
However, taking the limit β → ∞ is not physically acceptable and in reality it is important to determine the allowed region of the parameter(s) for the scenario to be consistent with the presently available observational data, in particular the CMB power spectrum. In this paper, we focus on the following situation according to Refs [19, 20] : i) the dynamics is affected from the volume correction both in the matter and the gravitational Hamiltonians [21] , ii) the scalar field has a negative potential and iii) its evolution follows a scaling solution. We adopt the following inflation scenario: the super-inflation starts when the scalar field emerges into the classical regime from the quantum regime, and ends when the semiclassical corrections from loop quantum effects become insignificant. We require that the calculated power spectrum is consistent with the WMAP 5-year data [22] and obtain the allowed region for the parameters of the scenario. It is interesting that we can put an upper bound as well as a lower bound on β and very large values of β are disfavored because of the observed significant deviation from the scale-invariant power spectrum. This paper is organized as follows. In section II we review Refs [19, 20] . In section III we place a constraint on the parameters, and Section IV is a conclusion. In Appendix A we review the calculation of the power spectrum of quantum fluctuation given by Ref [20] with volume correction in the gravitational Hamiltonian. In this paper we use the units in which c = = 1.
while, in the classical region (a ≫ a * ), these are
so that the classical theory is recovered. It should be noted that the characteristic scale factor a * is in fact a problematic object in LQC as indicated in Refs [26, 27] . We will caution this in section IV. We can conveniently parametrize the correction factors in the semiclassical region as follows:
where
10)
We assume 0 < l < 1 and hence 9 < n < ∞ to remove the divergence of the inverse volume factor. Notice that for Eq. (2.11) to be physical, we impose the constraint 81/5 < n < ∞ on the parameter n. The scalar field in general depends on time and position, i.e. φ = φ(t, x). So in this situation we need to consider the following scalar field Hamiltonian in LQC:
where a and b run over all spatial induces or 1 to 3. We will consider quantum fluctuation of the scalar field for this Hamiltonian. From the gravitational and the scalar field Hamiltonians (2.2) and (2.3), we can obtain the following modified Friedmann equation and the scalar field equation: 16) where ,φ denotes the derivative with respect to φ and H ≡ȧ/a is the Hubble parameter, and the energy density ρ is given by
Using the conformal time τ where dt = adτ , Eq. (2.16) is rewritten as 18) where the prime denotes the derivative with respect to τ . In the classical region, since D(q) ≃ S(q) ≃ 1, these equations reduce to the classical ones, on the other hand, in the semiclassical region, the second term on the left-hand side of Eq. (2.18) acts an anti-friction term and enables the scalar field to climb the potential. More remarkably, the time derivative of the Hubble parameteṙ
is positive in the semiclassical region. The accelerated expansion with this feature is called super-inflation.
Since we have c = = 1, the length, the time and the mass are all of the same dimension, say L. The dimensions of the scale factor a and the Newtonian constant G are then L and L 2 . From this argument, Eq. (2.15) shows that the scalar field φ and its potential V are of dimension L −1 and L −4 , respectively.
B. The scaling solution
We review the scaling solution and its stability according to Refs [19, 20] . We write the dynamics of the homogeneous system in terms of the following three variables: 24) where N ≡ ln a andᾱ
Because of the constraint (2.21), x and y are not independent. Hence we consider only x and λ. This system has several fixed points but here we concentrate on stable ones only. If
a couple of stable fixed points (x, λ) are given by
These points correspond to the kinetic-term dominant solutions. If
a couple of stable fixed points are given by
These points correspond to the scaling solutions where the ratio of the kinetic term to the potential term is kept constant. For simplicity, we only consider a constant Γ and then we can determine the potential form by Eq. (2.25). For Γ = 1, the potential is given by
where β and V 0 are constants. For Γ = 1, we have an exponential potential. Notice that since the kinetic-term dominated solution (2.27) and the scaling solution (2.29) can not be defined for Γ = 1, we can only use the power-law potential (2.30) and have 1 − Γ = 1/β. Moreover, since the scaling solutions can be responsible for the fluctuation of the present CMB radiation as we will see later, we hereafter adopt the scaling solutions.
To calculate quantum fluctuation we rewrite Eq. (2.20) as
The two scaling solutions expressed by fixed points (2.29) can be analyzed in the same manner, we take the first one
where we have used Eqs. (2.25) and (2.30) . Substituting x = x 0 into Eq. (2.31), and integrating it with respect to a, we obtain φ as
Differentiating the above with respect to τ , we obtain
On the other hand, we rewrite Eq. (2.20) as
Here we can write ρ in terms of x 0 using Eqs. (2.20) and (2.21). For consistency between Eqs. (2.34) and (2.35), we can obtain the differential equation of the scale factor. Integrating it with respect to τ , the scale factor is obtained as
Since φ and V 0 have dimension of L −1 and L β−4 , respectively, we put this V 0 as
where f is a dimensionless constant and M gives the mass scale of the scalar field φ. We have used this form to get Eq. (2.37).
C. The effective horizon
In the usual inflation scenario, quantum fluctuation is frozen when the fluctuation scale a/k gets longer than the Hubble horizon scale 1/H. In LQC we will see below that the behavior of quantum fluctuation may be controlled by the effective horizon √ SD/H instead of the Hubble horizon 1/H.
To get insight into the physical properties of the effective horizon we consider a massless scalar field. The field equations for the massless scalar field are given by putting V = 0 into the equations in section II A. The equation of motion is then given byφ
The above can be easily integrated to giveφ
where C is an integral constant. Substituting Eq. (2.43) into the Friedmann equation (2.15) with the massless scalar field, and integrating it with respect to t, we can obtain the following scale factor:
where C 1 is an integral constant, and it should be noted that the scale factor increases with time for −∞ < t < 0. We here consider the following perturbation for the scalar field:
Using Eq. (2.14), we can obtain the equation for the perturbation of the massless scalar field as
Here, using the Fourier transformation 
It should be noted that since we observe the density perturbation as a functional of the Fourier mode δφ k , from Eq. (2.17) the density perturbation of the massless scalar field is given by
First, we consider the short-wave-length limit. Assuming δφ k = exp (iωt) and inserting this into Eq. (2.48), then it becomes
We compare three terms on the left-hand side of Eq. (2.50). If
is satisfied, the second term is much smaller than the third term. In that case, using Eqs. (2.50) and (2.51), we can take ω as follows Using Eqs. (2.43) and (2.44), and δφ k = exp (iωt), we can obtain the density perturbation in the short-wave-length limit for the massless scalar field as follows:
where we put r = 3. Notice that the density perturbation decreases with time in the limit of Eq. (2.53). Next, we consider the long-wave-length limit and assume that the third term is much smaller than the other terms on the left-hand side of Eq. (2.48). Then we obtain the following relation:
In this case, Eq. (2.48) implies δφ k /δφ k ∼ H, and hence we can rewrite Eq. (2.55) as follows:
where we have neglected the constant (3 − n). In the above limit, we can solve Eq. (2.48) and then obtain δφ k as follows:
where C 2 is an integral constant. Using this δφ k and Eq. (2.43), we can obtain the following density perturbation in the long-wave-length limit for the massless scalar field:
The density perturbation is constant in the region of Eq. (2.56).
The above argument means that the behavior of the density perturbation strongly depends on whether its length scale is larger or smaller than √ DS/H. Thus √ DS/H acts an effectively horizon for the super-inflation in LQC. From now on, we call √ DS/H the effective horizon scale, and the scales satisfying Eqs. (2.53) and (2.56) are said to be sub-horizon and super-horizon, respectively. In the super-inflation, the scale factor is given by Eq. (2.36) on the scaling solutions. Using this, the fluctuation scale a/k, the effective horizon scale √ DS/H and the Hubble horizon scale 1/H behave as
respectively. We can see that the fluctuation scale gets longer than the Hubble horizon scale as time proceeds. For p > −2/(n + r) the fluctuation scale becomes longer than the effective horizon scale, while for p < −2/(n + r) the fluctuation scale gets shorter than the effective horizon scale. In our scenario we assume that the scale of fluctuation gets longer than the effective horizon scale to become classical through some decoherence processes. Then we impose the following condition on p:
We call this condition the super-horizon condition.
E. The power spectrum in LQC
We calculate the power spectrum in the same way in Ref [19] . However, note that we also incorporate the correction factor S(q) into the matter Hamiltonian as seen in Eq. (2.14). We put the scalar field perturbation given by Eq. (2.45) into Eq. (2.14) as [28] by
is a crucial observable to see the consistency between the prediction of the theory and the observation. The result is given by
where we can see the scale-invariant power spectrum is achieved by p = 0, corresponding to β → ∞ with r = 3 in Eq. (2.38). The detailed calculation is described in Appendix A.
III. THE CONSISTENCY WITH THE WMAP 5-YEAR DATA
A. The potential of the scalar field
According to the WMAP 5-year data, the CMB power spectral index is within the range [22] n s = 0.963
Hence we use the following range of the tilt:
To constrain the power index β of the potential from the observational data we use the relation between β and the observed tilt b. Then, with r = 3, we solve Eq. (2.63) for p and obtain
We can see that only this root satisfies the super-horizon condition (2.60) and hence we have discarded another one. Besides, it should be noted that the effective horizon scale decreases with time. We solve Eq. (2.38) for β and obtain
Substituting Eq. (3.3) into Eq. (3.7) and using Eqs. (3.2)-(3.6), we plot the allowed region for β against n in FIG. 1 . If we can specify the value for n, then we can place a rather stringent constraint on β. For example, if we put n = 100, then β = 25.2. However, even if we do not have any information about n, β is weakly constrained to 15 β 80. In any case, β is bounded from above in the present scenario and an infinitely large value is not allowed from the WMAP 5-year data. This result is not so sensitive even if we slightly expand the range of b around the observed one (3.2). Actually, we can see that the dependence of β on b is not monotonic. 
B. The energy density at the end of the super-inflation
In LQG, there is the smallest area element ∆ = 2 √ 3πγl 2 Pl [1] . Since the Hubble parameter increases with time, the Hubble horizon scale 1/H decreases and the energy density increases. Thus, if the Hubble horizon characterizes causality and the nature of quantum fluctuation, we need to show that the Hubble horizon scale is never smaller than the square root of the smallest area element to validate the present analysis. However, in the super-inflation scenario, causality and the nature of quantum fluctuation may be controlled by the effective horizon √ SD/H and it decreases as time proceeds. Therefore, we need to find the condition that the effective horizon scale is never smaller than the square root of the smallest area element for the super-inflation in LQC.
In calculating the energy density at the end of the super-inflation, we assume the following super-inflation scenario: the super-inflation starts when the quantum state of the scalar field emerges into the classical regime [17, 29] (we call this time τ start ), and this ends when the effective horizon becomes the Hubble horizon √ SD/H = 1/H (we call this time τ end ) and before the effective horizon scale gets shorter than the square root of the smallest area element (we call this time τ Pl ).
We calculate the energy density from Eq. (2.15) as
where we have used Eqs. (2.7), (2.10) and (2.36) with r = 3, and
whereã * andÃ * are calculated as
10) The energy density at the end of the super-inflation is
where we have used Eq. (3.8) and the ending time
where we have used Eqs. (3.9) and (2.36) so that the effective horizon is equal to the Hubble horizon at τ = τ end .
the energy density at the end of the super-inflation
Since we have the temperature fluctuation amplitude as δρ k /ρ ∼ δφ k /φ ∼ 10 −5 in the WMAP 5-year data, using the amplitude and the spectral index, we will obtain the information about the energy density at the end of the super-inflation. For this purpose, we calculate δφ k andφ in terms of f . From Eqs. (2.9), (2.33), and (2.36),φ is given byφ
and δφ k can be calculated from the power spectrum as Eq. (A10)
So far the dimension of the scale factor is L and the wave number k is dimensionless. Here, since we would like to make the dimensionless scale factor and the wave number of dimension 16) where the characteristic scale factor a * has dimension L. Using Eqs. (3.15), (3.16) and (A19), we calculate δφ k as
From Eqs. (2.49), (3.14), and (3.17), we can obtain the fluctuation of the energy density as
and we assume that the fluctuation observed by WMAP is created at the end time of the super-inflation (τ = τ end ), 
Substituting Eq. (3.12) into Eq. (3.21), we obtain the energy density at the end of the super-inflation as follows :
Because the effective horizon scale must not be shorter than the square root of the smallest area element in the present assumption, we need the following condition of the super-inflation in LQC:
At the end of the super-inflation, we substitute Eq. (3.13) into Eq. (3.24), and rewrite this equation as
By substituting Eq. (3.26) into Eq. (3.12), we obtain the upper limit of the energy density at the end of the superinflation,
and we call this the effective horizon condition. In FIG. 2 , we plot the allowed region of ρ end /ρ Pl with ρ Pl = l
−4
Pl and (δρ k /ρ) obs = 10 −5 for the different values of n. At least for the region shown in this figure, we can see that the effective horizon condition (3.27) is well satisfied. Moreover, the energy scale ρ end is far beyond that for the nucleosynthesis constraint. In this region the energy density is much smaller than the Planck energy density. We can see that if we know the value of n, ρ end is strongly constrained from the observational data. For example, if we put n = 100, then ρ end /ρ Pl = 10 −22.6 .
The period of the super-inflation
Since the effective horizon decreases with time, the super-inflation must end before the effective horizon scale gets equal to the square root of the smallest area element to justify the present calculation. Thus we have the following condition:
Substituting Eq. (3.13) into Eq. (3.28), and using Eq. (2.41), we can obtain the following condition for the mass scale of the scalar field M : The energy density at the end of the super-inflation from the WMAP 5-year data for the amplitude and the spectral index of density perturbation. The solid line corresponds to the best-fit value of the spectral index data, while the dashed lines denote the boundary of the allowed region. Here, while we use value of SU(2) parameter j = 100, 10 10 , there is almost no dependence on j.
Since the super-inflation starts when the quantum state of the scalar field emerges into the classical regime, we can require the uncertainty principle of the scalar field in FIG. 3 , we can easily show that the allowed region is far beyond the lower bound in Eq. (3.29) and the scalar filed mass scale has the Planck mass order. If we can know the volume correction parameter n, then we can constrain the scalar field mass scale M rather stringently. For example, if we put n = 100, then M/m Pl = 0.150.
IV. CONCLUSION
We have considered a single scalar field with the negative power-law potential V = −M 4 (φ/M ) β in LQC, and determined the allowed region of the potential power index β and the energy density at the end of the super-inflation ρ end , and the scalar field mass scale M by using the consistency with the WMAP 5-year data. The solid line denotes the best-fit value, while the dashed lines denote the boundary of the allowed region. There is almost no dependence on the value of SU(2) parameter j for j = 100, 10 10 .
First we have reviewed Ref [20] . Using dynamical systems theory we have found scaling solutions which are stable fixed points and satisfy the super-horizon condition. Second, we have determined the super-horizon condition (2.60) by the behavior of the density perturbation of a massless scalar field, and then considered the effective horizon scale instead of the Hubble horizon scale. Third, we have assumed the super-inflation scenario: the super-inflation starts when the quantum state of the scalar field emerges into the classical regime and ends when the effective horizon gets equal to the Hubble horizon before the effective horizon scale gets shorter than the square root of the smallest area element. Finally, by using the above inflation scenario and the consistency with the WMAP 5-year data, we have reached the following conclusion. If we can specify the volume correction parameter n, we can constrain the potential parameters β and M , and the energy density at the end of the super-inflation ρ end rather stringently. Even if we only know the volume correction parameter n in the range as 81/5 < n < ∞, we can constrain β, M and ρ end as follows: β exists in the region as 15 β 80, M is the order of the Planck mass, and ρ end is smaller than the Planck energy density, respectively. Besides, for example, if we put n = 100, we can constrain β, M and ρ end as follows: β = 25.2, ρ end /ρ Pl = 10 −22.6 , and M/m Pl = 0.150. The reason why we have obtained the upper bound on the power index β in contrast to the previous works [19, 20] is that we have considered the observed spectral index for the CMB power spectrum in the WMAP 5-year data, which significantly favors a red power spectrum.
In this paper we have only considered the scalar field perturbation and directly related it to the density perturbation, and have assumed the negative potential only in the super-inflation. Since the semiclassical LQG effects will become insignificant as the universe expands, the super inflation lasts only for a finite interval of time. After that the motion of the scalar field will be irrelevant and the potential will not be described by the negative potential, so the super-inflation might turn to the standard chaotic inflation when it ends. We would simply assume that the scalar field perturbation amplitude may be of the same order as the temperature perturbation in the observed CMB anisotropy. However, the observed CMB anisotropy is actually the temperature perturbation on the last scattering surface, so we need the consistent formulation of matter and curvature perturbations in LQC with the appropriate treatment of gauge freedom and the detailed analysis of their evolution in different scales. To formulate the consistent perturbation formulation, Bojowald et al. [30, 31] recently indicated that anomaly cancellation should occur in the effective theory and this strongly restricts the possible effective theory. From these point of view, our analysis here considered is a toy model which does not take into account backreaction and anomaly cancellation. Therefore, the present assumption that the density perturbation of the scalar field in this simplified framework is directly comparable with the observed CMB power spectrum at least in order of magnitude is to be under careful investigation. To get more robust constraint on the super-inflation scenario, we will need to use other independent observations: large scale structure, non-Gaussian, gravitational waves (cf. [32] ) and so on. These problems will be our next work. As mentioned in section II, there is an open problem in introducing the characteristic scale factor a * into the flat FRW universe, in which the overall constant factor in the scale factor is just a gauge freedom. Although this problem deserves careful attention and more work is required to clarify the validity of the dynamical equations, we have chosen here to proceed by demonstrating a method of obtaining the observational constraint in the present scenario, which can easily be employed once progress is made on this currently uncertain section of the theory. See Ref [26, 27] for a recent interesting attempt to resolve this important issue.
